Abstract-Multiloop superstring amplitudes are calculated within an extensively used gauge where the two-dimensional gravitino field carries Grassmann moduli. In general, the amplitudes possess, instead of modular symmetry, symmetry with respect to modular transformation supplemented with appropriate transformations of two-dimensional local supersymmetry. If the number of loops is larger than three, the integration measures are not modular forms, while the expression for the amplitude contains integrals along the boundary of the fundamental region of the modular group.
INTRODUCTION
Multiloop amplitudes in the theory of a closed oriented Ramond-Neveu-Schwarz superstring were obtained in [1, 2] in a supersymmetric gauge [3] [4] [5] where the zweibein and the field of the twodimensional gravitino are taken to be conformally flat everywhere on the Riemann surface. The superstring amplitudes are given by a sum over superstructures defined on non-split complex (1|1) supermanifolds. Superstructures are supersymmetric extensions [5] of spin structures [6] . The amplitudes for fermionicstring interaction are represented by integrals of local amplitudes calculated in [1] explicitly for any superstructure and any number of loops. Integration was performed with respect to modular parameters of the non-split complex (1|1) supermanifold and with respect to interaction-vertex coordinates. The integrals are ambiguous [2, 7] with respect to nonsplit transformations of integration variables. The ambiguity indicated in [2, 7] is removed in such a way as to retain local symmetries of the superstring. The resulting superstring amplitudes are finite, while one-, two-, and three-point massless amplitudes vanish in accordance with spacetime supersymmetry.
In the present study, we discuss the aforementioned amplitudes in a rather popular gauge that was used in [8] and where the complex (1|1) supermanifolds are split-that is, fermions are not mixed with bosons under twists around noncontractible cycles. For this reason, the ambiguities indicated in [2, 7] , which complicate calculations of integrals in the supersymmetric gauge used in [3] [4] [5] do not manifests * E-mail: Gennady.Danilov@thd.pnpi.spb.ru themselves here. The opinion that, in the gauge used in [8] , the amplitudes have simple modular properties and are expressible in terms of theta functions is widespread.
In the gauge under consideration, the Grassmann moduli are carried by the two-dimensional gravitino field φ m such that γ m φ m = 0, where γ m are two-dimensional Dirac matrices. The nonzero components φ − (z,z) and φ + (z,z) of the field φ m are given by
where λ s andλ s are Grassmann moduli and φ ∓ can depend on bosonic moduli. Owing to local twodimensional supersymmetry, the amplitudes must not depend on φ ∓ , but, as was shown in [9], the amplitudes calculated in [8] do not possess this property. The correct two-loop amplitudes were obtained in [10] . In [10], the two-loop integration measures are modular forms, while the Gliozzi-Scherk-Olive (GSO) projections of n-point amplitudes for n < 4 vanish. The GSO projection of 4-point amplitudes do not depend on φ ∓ . For the spin structure under consideration, the amplitudes cease to be dependent on φ ∓ after integration with respect to the interactionvertex coordinates. The studies reported in [10] initiated attempts made in [11] to construct amplitudes for the number of loops in excess of two, g > 2, under the assumption that these amplitudes possess some specific properties, including modular symmetry. This approach run into some difficulties [12, 13] , at least for g > 3.
In the present study, the amplitudes involving an arbitrary number of loops are calculated directly from the condition that they do not depend on the choice of trial fields (zweibeine and fields φ m ) without any additional assumption. The superstring amplitudes are given by a sum over spin structures of amplitudes for fermionic-string interaction. The last amplitudes are given by integrals of local amplitudes. Integration is performed with respect to interaction-vertex coordinates and with respect to modular parameters at fixed fields φ ∓ . Thus, the amplitudes being discussed are invariant under a redefinition of noncontractible cycles on the string world sheet at fixed φ ∓ . In general, the modular transformations [14] corresponding to these redefinitions of noncontractible cycles change φ ∓ . Therefore, modular transformations [14] must be supplemented with appropriate transformations of local supersymmetry on the string world sheet. It is convenient to consider such supermodular transformations within the supersymmetric formulation [15] of the fermionic string on the (1|1) manifold. The period matrix [1, 2] on the (1|1) supermanifold specifies the periods of scalar superfunctions that vanish upon the application of the supercovariant Laplacian to them [2] . Under the redefinition of noncontractible cycles, the period matrix on the (1|1) supermanifold transforms in just the same way as the period matrix on the Riemann surface transforms under respective modular transformations [14] .
The disregard of the distinction between modular and supermodular symmetries was one of reasons [2] for the violation of supersymmetry in [8] . The other reason was that the dependence on φ m was not taken into account completely [8] in calculating the contribution to the amplitude from two-tensor ghost zero modes (see Section 3 of the present study).
Since the supercovariant Laplacian depends on φ m , the periods of scalar superfunctions in general depend on λ i . In order to restore in this case the local symmetry of the fermionic string, the integral over the fundamental region of the modular group must be supplemented with an appropriate integral along its boundary [2] . If g ≤ 3, then the periods of scalar superfunctions can be taken for complex Riemann moduli, in which case the surface integral under consideration is absent. If, for g ≤ 3 [8], the moduli are chosen differently [8] , the aforementioned surface integral can be transformed to an integral over the fundamental region of the modular group (see Section 4 in the present study) with the same result. Both for g = 2 and for g = 3, the integration measures are modular forms, while the GSO projections of the one-, two-, and three-point massless amplitudes vanish. In contrast to the two-loop case, the GSO projection of the three-loop four-point amplitudes ceases to be dependent on φ ∓ only after integration with respect to the vertex coordinates in just the same way as such a dependence disappears for each spin structure.
In the case of g > 3, the integral along the boundary of the fundamental region of the modular group remains, while the integration measures are not modular forms (this situation is identical to that which arises in the case of the supersymmetric gauge). Thus, the assumptions in [11] are not consistent with fermionic-string symmetries.
The ensuing exposition is organized as follows. In Section 2, we discuss integration of local amplitudes with respect to modular variables in the case of an arbitrary number of loops. In Section 3, we calculate local amplitudes and explain the error made in the calculations performed in [8] . In Section 4, we derive for two-and three-loop amplitudes expressions that do not involve surface integrals. In Section 5, we discuss summation over spin structures. In order to illustrate our approach, we reproduce the expression from [10] for the two-loop four-point superstring amplitude. In Appendix B, we give a detailed comparison with the results obtained in [10] . Some useful relations from the theory of theta functions are presented in Appendix A.
INTEGRATION OF LOCAL AMPLITUDES
As was mentioned in the Introduction and and as will be shown below, the period matrix on the (1|1) supermanifold describing a fermionic string generally depends on Grassmann variables. In order to define an integral with respect to modular variables in this situation, we generalize the well-known step function (x) (where (x) = 1 for x > 0 and (x) = 0 for x < 0) to the case where x includes Grassmann parameters. We treat this function as a Taylor series in these Grassmann parameters, considering that d (x)/dx = δ(x), where δ(x) is the Dirac function. If the step function is interpreted in this way, the amplitude A σ,σ for the interaction of fermionic strings with the spin structures σ and σ for the right-and left-handed fields is given by an integral with respect to the vertex coordinates (z i ,z i ) and with respect to modular variables; that is,
where A σ,σ is the respective local amplitude, d 2 M stands for the product of the differentials of even and
